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We study the definition of perturbations in the presence of a submanifold, like e.g. a brane. In the 
standard theory of cosmological perturbations, one compares quantities at the same coordinate points 
in the non-perturbed and the perturbed manifolds, identified via a (non-unique) mapping between 
the two manifolds. In the presence of a physical submanifold one needs to modify this definition 
in order to evaluate perturbations of quantities at the submanifold location. As an application, we 
compute the perturbed metric and the extrinsic curvature tensors at the brane position in a general 
gauge. 

PACS numbers: 98.80.Cq, 98.80.Jk 

I. INTRODUCTION 

The theory of cosmological perturbations is a cornerstone of the study of the early universe, since most of the 
accessible information from this epoch is believed to be contained in the cosmological fluctuations that are observed 
in the CMB and, more indirectly, in the large scale structures. As a consequence, an important step in the elaboration 
of an early universe model is to be able to deal with the origin and the early evolution of cosmological perturbations. 
A recent picture suggested (or revived) to describe our universe is that of a braneworld, i.e. a submanifold, where 
ordinary matter is confined, embedded in a higher dimensional spacetime 0,0. In a cosmological context, and for 
one extra dimension^his picture has led to brane cosmology, which was shown to deviate from standard cosmology 
at high energy 0, S H H . 

Soon after these progresses in homogeneous brane cosmology, several works started to tackle the difficult problem 
of cosmological perturbations in this context. One can distinguish three main approaches in these various formalisms. 
One approach was to use directly a doubly gauge-invariant formalism to describe the perturbations in the bulk and 
in the brane |g, l2l llOl 1 1 11] . Another approach was to use a covariant formalis m Il3.ll3l.ll4l. F inally , the most common 
approach has been to generalize the standard metric based formalism Il l Jll J lglllllllM El El El El El El HI 
l28t . which has been used in standard cosmology for a long time |3Ct l3li l32| ^ For detailed reviews on braneworld 
perturbations see |3^| . In the present work, we adopt the latter approach, which has the advantage to be of more direct 
access and to be more familiar to people who have already studied the standard theory of cosmological perturbations 
in four dimensions. 

The specific purpose of the present work is to present how one can describe the brane perturbations for any gauge 
chosen in the bulk. Since this particular point has generated mistakes and confusion in the literature, we believe 
it is worthwhile to consider this question with some attention. The core of the problem is that, in the standard 
theory of cosmological perturbations, the perturbation for any quantity is defined by comparing the perturbed and 
unperturbed values at the same coordinate point. In brane cosmology, or in fact in any model where one or several 
submanifolds have some specific physical role, one wishes instead to define perturbations by comparing quantities at 
the same physical locus. 

In the next section we discuss the definition of perturbations on a manifold and study how this definition is affected 
if a submanifold is present. In Section lTTTI we apply these notions to a 5D metric tensor as an example in the braneworld 
scenario. In Section llVl we then turn to the problem of calculating the extrinsic curvature tensor of the brane. We 
conclude in the last section. 



II. THEORY 

We consider the following situation: a spacetime M. corresponding to the perturbation of a reference spacetime M. 
and a submanifold S in M, which can be seen as the perturbation of an unperturbed submanifold S in A4. We then 
wish to define meaningful (linear) perturbations for tensorial quantities defined on the submanifold. 
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A. Standard linear perturbation theory 



Let us ignore at this stage the submanifold S and let us recall some basic principles of the standard theory of 
linear perturbations in general relativity |3(A l3ll l32| . The starting point is to endow the unperturbed manifold Ai of 
dimension N with a coordinate system which we call x A (where A = 0, . . . , N — 1), which is usually chosen according 
to the symmetries of Ai so that the explicit form of the metric is as simple as possible. 

The next step is to introduce, in a geometrical language an identification between the unperturbed and 

perturbed manifolds, i.e. a mapping <fi : Ai — > Ai, which establishes a one-to-one correspondence between the points 
of Ai and Ai. The identification is not unique and thus chosen arbitrarily at first order in the perturbations. The 
mapping 4> naturally induces from the coordinate system in Ai a coordinate system in Ai. 

One then defines the perturbation of a tensor T as 

6T(x)=T(x)-T(x), (1) 

where x stands for a given set of coordinates (which define both a point in Ai and in Ai via the mapping), where T 
is the full tensor defined in Ai and T is the corresponding "unperturbed" quantity defined in the reference spacetime 
Ai. In other words, one defines the perturbation by comparing the values of the tensors at the same coordinate point, 
i.e. at the pair of points identified by the mapping <j>. 

As stressed above, the identification mapping is somewhat arbitrary and one must consider slight modifications 
of this mapping (slight so that one stays in the domain of validity of the perturbative approach) to get the generic 
picture. A change of mapping can be interpreted as a change of coordinates in the perturbed spacetime Ai, which we 
write as 

X A -> x A = x A + 5x A , (2) 

which means that the physical point with the old coordinates x A has the new coordinates x A + 8x A . 

The change of any tensor under the coordinate transformation J5J , evaluated at the same old and new coordinates 
(and thus at different physical points), is given by the Lie derivative with respect to the vector field Sx A [35|. 

AT = T(x)-T(x) = -C Sx aT. (3) 
Equation gives for the change of a covariant 2-tensor under a transformation 

Qab = Qab — £&x c Qab , (4) 
or, substituting for the Lie derivative (see e.g. |35jl. 

Qab = Qab - Sx c d c Q AB - (d A 6x c ) Q CB - (d B 6x c ) Q AC . (5) 
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B. Perturbations on a submanifold 

Let us now take into account the submanifold S. We start by introducing the unperturbed submanifold S in the 
reference manifold M.. In general, there is no reason for the mapping (f> to leave the submanifold invariant, i.e. we 
have in general <j>(S) ^ S, as shown in Fig.^ Of course, one can always choose a special subclass of mappings which 
do leave invariant this submanifold but this corresponds to a restricted choice of coordinate systems. Note, that the 
Gaussian normal (GN) coordinate system, defined below in Section II V HI belongs to this subclass. 

If one wishes to define perturbations for quantities existing only at the geometrical locus of the submanifold, one 
therefore cannot use the above definition, Eq. QJ. A necessary additional step is to define another mapping A between 
the image of S and the real S, i.e. A : 4>(S) — > S. In the coordinate system defined by </>, this can be written in the 
form x A = x A + e A , i.e. A maps a point of (j>(S) with coordinates x A onto a point of S with coordinates x A + e A . 

One can now define a meaningful perturbation for tensorial quantities defined at the submanifold location, 

S s T(x) = T(X(<f>(p))) - T(p) , (6) 

where x stands for the coordinates of p, which is a point of S. When the quantity T is in fact defined everywhere 
(but one wants to use the perturbation of its value at the location of the submanifold), the defining expression above 
can be decomposed into 

S s T(x) = T(A(<Hp))) - T(<t>(p)) + T(cp{p)) ~ T(P) , (?) 

where one can recognize in the last two terms the usual definition of the linear perturbation. Reintroducing coordinates, 
this reads 

S s T(x) = T(x + e) - T(x) + ST(x) 

= e A d A T + 8T{x), (8) 

where we have used the Taylor expansion of T(x + e). Equation JSJ is an adequate definition of the perturbation of 
a tensorial quantity in the presence of a submanifold, if we impose the restriction that the perturbation has to be at 
the physical locus of the submanifold. 

III. THE METRIC OF A BRANEWORLD 

We now apply the results found in the previous section to the metric tensor of a braneworld. After briefly reviewing 
how the perturbed metric tensor changes under a first order coordinate transformation we show how the definition of 
the perturbation of the metric tensor changes in the presence of a particular submanifold, the brane. 

A. Standard perturbed metric tensor and change under a gauge-transformation 



We study a 5D metric with maximally symmetric flat 3-subspace (see for example |2^,|28|) and include only scalar 
perturbations, that is perturbations that transform like scalars on spatial 3-sections. 
The background part of the metric tensor is given by 

ds 2 = gABdx A dx B = ~n 2 dt 2 + a 2 5 i3 dx'dx 3 + b 2 dy 2 , (9) 

where the metric factors n, a, and b are functions of coordinate time t and extra dimension y. The metric tensor, 
including linear perturbations, is 

( -n 2 {l + 2A) a 2 B, t nA y \ 

9ab=9ab+59ab= \ a 2 B, 3 a 2 [(1 + 2^)4 + 2E iij ] a 2 B y ^ . (10) 

V nA y a 2 By,, b 2 {l + 2A vy ) J 

where the scalar metric potentials A, B : 1Z, E, B y , A y and A yy , are functions of the coordinates x A — [t, x" 1 , y]. 

To find the change of the metric tensor under the first order coordinate transformation defined by Eq. (J2J, we apply 
Eq. (0 to the metric tensor Qab, given in Eq. QlOp. This gives the perturbed metric tensor in the new coordinate 
system 

SgAB = Sg A B - 5x c dcg~AB - (d A Sx c ) g C B - (d B Sx c ) g A c , (11) 
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where Sx A = [St, Sx l , Sy] . Since we are only working to linear order, the Lie derivative with respect to the first order 
vector Sx A only acts on the background part of the metric, §ab- 

The transformation behavior of the scalar metric perturbations is therefore 



/ 2 
TI TI — TI 

A = A- St --St Sy, B = B + ^r5t-Sx, (12) 

K = 11 --St - —Sy , E = E-Sx, 
a a 

~ b 2 ■ ~ b 2 

A v = A V + nSt Sy , B v = B v — Sx zSy , 

n » « a z 



A vv = A yy - \ St - J 6 y - <V ■ 



B. Perturbed metric tensor in the presence of a submanifold 

The above definition of the perturbed metric, Eq. (|10J) . does not depend on the presence of a submanifold and is 
defined everywhere in the bulk. However, our spacetime contains a brane and we are interested in computing the 
perturbed metric on this physical hypersurface, i.e. we need to evaluate it on the brane. 

In our model the homogeneous brane is fixed at x A = const, but after being perturbed, it is in general displaced from 
this location. We would like to describe the change in the metric at the brane position as a result of this displacement. 
This displacement is embodied in the relation 

x A = x A + e A , (13) 

where the e A are associated with the mapping A introduced earlier. In the general case the e A are decomposed into 
degrees of freedom tangential and orthogonal to the brane according to (see e.g. [2j|) 



e 



A -Ce A + Cn A , (14) 



where n A is the normal vector to the brane, e A is a basis of vectors tangential to the brane, and fi = 0, 3. 
From Eq. © it follows that the perturbed metric at the position of the brane is given by 

Ss9ab = e C d C 9AB + Sg A B ■ (15) 

In our model the only relevant degree of freedom of e A is the 4-component, the perturbation of the brane position 
in the extra-dimension, which we denote by e 4 = £(t,x l ), see Fig. El The other degrees of freedom C M , tangential to 
the brane, correspond to mappings that leave the brane invariant, and we are therefore allowed to choose C M = 0. 

The perturbed metric in the presence of the brane is thus given by 

Ss9ab = SgAB + C n A d A gAB = SgAB + £ d±g A B ■ (16) 

Note, that since we only work to linear order in the perturbations, and the perturbation £ is first order, the additional 
part in the perturbed metric tensor, £ d^gAB, only includes derivatives of the background metric. 
The metric tensor at the position of the brane is therefore given by 

9ab = 9ab + S s gAB , (17) 

where g~AB is the background metric. 

IV. EXTRINSIC CURVATURE 

In this section we calculate the extrinsic curvature tensor in the presence of a submanifold. The extrinsic curvature 
K ab describes the local bending of the brane along the extra dimension. In the braneworld scenario this bending is 
determined by the local matter distribution on the brane through the junction conditions [3bT |. 

The extrinsic curvature tensor is defined as (see e.g. 

K AB - h c A ( (5) V c nij) , (18) 
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where n B is the unit vector normal to the brane, a is the 5D covariant derivative and Kab is the projection 
tensor, defined as Kab = 9ab — ^Ang. 

We shall study the case of a static brane, i.e. a brane that is not moving with respect to the background coordinate 
system. The unit vector n A is space-like and thus subject to the constraint 

n A n A = 1 . (19) 

In the following section we calculate the extrinsic curvature tensor in an arbitrary gauge up to first order in the 
perturbations. As a check, we then calculate the extrinsic curvature tensor in the Gaussian normal (GN) gauge and 
transform the expressions found in this gauge to an arbitrary gauge. 



A. Calculating Kab in an arbitrary gauge 



The constraint Eq. 1)19)1 together with background metric Eq. © give the unit normal vector to the brane at zeroth 
order as 



= [o,o, ir 1 ] 



(20) 



As pointed out above, we consider a brane that is non-moving and hence the time component of tia is zero. 

The perturbed normal vector at the brane position can be computed by using the perturbed version of Eq. H19II . 

2h A 5 s n A + n A n B 5 s g A B = . (21) 

It is important to stress that one has to use SsgAB in the above equation and not 5qab defined in Eq. 1)11) [I. since one 
is perturbing Eq. (|19f) defined on the brane. We therefore get for the normal vector to the brane at the position of 
the brane up to first order 

V 



n A = ua + Ssua = b 



(22) 



Substituting the background metric Eq. and the background normal vector Eq. (|20l) into the definition of the 
extrinsic curvature tensor, Eci. (|18|) . we get for the components of the extrinsic curvature tensor at zeroth order 



9 I II 

u nn u a a x 

K oo = — r ! K ij = "T — °ij 

b n b a 



(23) 



To get the extrinsic curvature tensor up to first order at the position of the brane, Kab = Kab + 5s Kab, we have to 
use perturbed quantities defined on the brane, i.e. the perturbed metric <?^ s , defined in Eq. I|17[). and the perturbed 
normal vector Q22|l . Substituting into Eq. 1)18)1 then gives for the components of the perturbed part, SsKab, 



5 s Kqo 
5 s K 0l 




-An, 



-An, 



n 
j 



2 



n 
n 



nHJ_ 
n b 



(24) 



a' n . 
2-B-—A v 

a a 2 




5sK 



04 — 



ln ' ( A 

- — nA y 

b n \ y 



b 2 i 



5sK l j 



5sKiA = 



— In' - -a, 



la/ 
n a \ 



nA„ 



- + -t--t)Z} 5 



a'V 
ab 



b 

la/_ 
b a 



a a z 



(a 2 B„ 



5 S K U = 



B. Starting from Gaussian normal gauge 

In the following section we outline the calculation of the extrinsic curvature tensor in the Gaussian normal (GN) 
gauge. To get the components of the extrinsic curvature tensor in an arbitrary gauge, we then have to transform 
these results to an arbitrary gauge which we shall do in the following section llVB 21 
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Gaussian normal gauge 



Other gauge 



brane 



brane 




FIG. 2: The brane in Gaussian normal (left) and a different coordinate system. 



1. Calculating the extrinsic curvature tensor in a Gaussian normal gauge 

We begin by computing the extrinsic curvature tensor in a slightly more general gauge than the GN gauge, so that 
we can still work directly with the background metric defined in Eq. @ , denoting quantities in this gauge by a "hat" . 
In our nearly GN gauge the metric has the particularly simple form 



By = 0. 



544 = b 2 , = , 

which is in terms of the scalar metric perturbations 

Ay 

The brane is located at y = 0, i.e. there is no perturbation in the brane position 

C = o. 

Note that to go from this gauge to the GN, one only needs to put 6=1. 
The normal vector to the brane is in this gauge 

n A = [0,0,6-!], 

and the definition of the extrinsic curvature tensor Eq. I|18|) simplifies to 

2bdy 
K A4 = K 4B = 

The extrinsic curvature is therefore in components 

^,2 



K A1 



Z9AB 



for 



A, B^4. 



Koo = -v- 



h 2 — A + A 

n n 



K 0l = -r 



a' - 1 K , 
—B+-B' 
a 2 



2-TZ + W) Sa + E', 



2 a - El 



(25) 
(26) 
(27) 

(28) 
(29) 



(30) 



Again the components in the GN gauge are obtained by putting 6=1. 



2. Transforming the extrinsic curvature to an arbitrary gauge 

We can now transform the extrinsic curvature tensor in the hat gauge, Eq. i|30[l to an arbitrary gauge by using 
the transformation rules of the tensor components themselves, Eq. iJSJ, and by the transformation rules of the metric 
potentials, Eq. I|12[l. 
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Under a first order coordinate transformation the extrinsic curvature tensor changes according to Eq. (JSJ , 

K AB = Kab - Sx c d c K AB - (d A Sx c ) K CB - (d B Sx c ) K AC . (31) 
The components therefore change as 

(32) 



K 00 


= K 00 


- d t K o St - 


- Ko Sy - 


-25tK 00 , 


K oi 


= K 0l 


- 6t t i K 00 - 






Ka 


= Kij 


- d t K i:j St - 


K'ooSy- 


28x k l K k3 



From the definition of the hat gauge Eq. (|26|) and the transformation behavior of the metric perturbations Eq. i|12|) 
it follows that the hat gauge only restricts the y-derivatives of the coordinate transformation Sx A , i.e. the degrees of 
freedom orthogonal to the brane, but leaves the gauge transformations on the brane, that is tangential to it, arbitrary 
|24j . We can solve Eqs. and {T2J for St', Sx', and Sy' and get 

b 2 

Sx' = B y ~Sy , (33) 

a 

1 b 2 ■ 

St' = A y + —Sy, 

n n z 



Sy = Ayy - -St - -Sy. 



We now substitute the expression for the extrinsic curvature tensor in the nearly GN gauge, Eq. (|30|l . into Eq. I|32|l . 
use the expressions for the change of the scalar metric potentials under a coordinate transformation, Eq. (|12|l . together 
with Eq. (|33[) and the expression for the background part of the extrinsic curvature tensor Eq. I|23() . and get after a 
straight forward but tiresome calculation the extrinsic curvature in an arbitrary gauge. 

But we are not completely there, yet. As pointed out in Section III Al a gauge transformation leaves the coordinate 
point unchanged. Hence the extrinsic curvature tensor is still at the coordinate position of the brane in the nearly 
GN gauge at y = and we therefore have to shift it to the physical position of the perturbed brane at y = £. We can 
do this by using a Taylor expansion of K AB around y = 0, and get 

Kab \ y=e = K AB \ y=0 + e c K AB , c , (34) 

where, see Eq. (|T4ll above, e A — [0,0, £] is the shift between the coordinate systems in which the brane is at y = 
and y = £, respectively. 



The final piece of information that we need for the complete extrinsic curvature tensor in an arbitrary gauge is the 
relation between Sy and £, since the expression we have derived so far still contains Sy and its time derivatives. The 
relation is readily found by calculating the change of the normal vector defined above in Eq. (|22|l under an infinitesimal 
coordinate transformation Sx A , which is given by rT A = n A — £g x Bn A [35l |. We therefore find for the transformation 
behavior of £ under an infinitesimal coordinate transformation 

t = Z + Sy, (35) 

and since in the nearly GN gauge £ = 0, we get 

6y = -£. (36) 

Hence we get the same expression for the components of the perturbed curvature tensor in an arbitrary gauge, that 
is Eq. by transforming from the nearly GN gauge as by direct calculation, as expected. 



V. CONCLUSIONS 



In this paper we have studied the definition of first order perturbations in the presence of a submanifold. Pertur- 
bations in standard cosmological perturbation theory can be defined via a mapping <j) of tensorial quantities between 
a background manifold Ai and a perturbed manifold M.. The introduction of a submanifold, or hypersurface, S 
into the spacetime does not present a problem in itself, since it doesn't affect the definition of the perturbations. A 
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problem might arise, if we require the perturbations to be restricted to the submanifold, since in general <f>(S) S. 
This problem can be alleviated, either by choosing a particular coordinate system, e.g. a Gaussian Normal (GN) one, 
which enforces the correct mapping between the submanifold in the background and its perturbed image, or by leaving 
the coordinate system unrestricted, but then using a second mapping A which takes the image of the submanifold, 
4>(S) to the correct position of the submanifold, i.e. A[</>(5)] = S. 

The usage of a non-GN gauge requires care in defining perturbations at the physical position of the submanifold, 
as we have demonstrated. Although the problem of defining perturbations on a submanifold does not arise if we work 
in a GN coordinate system or gauge from the outset, as already pointed out, one looses in this case the freedom to 
adopt a particularly suitable gauge for the problem or a gauge that simplifies the calculations, by having "used up" 
some of the gauge freedom. Of course it is always possible to start in the GN coordinate system and then transform 
to a different gauge, but this in itself is non-trivial, as we have shown as well. 

As an example, we have calculated the perturbed metric tensor for a braneworld scenario at the position of the 
brane. Using this result we then calculated the perturbed extrinsic curvature tensor at the brane position. We have 
also shown how to calculate the extrinsic curvature tensor in the GN gauge and its transformation into an arbitrary 
gauge ■ ._. 

In Ref. HI Mukohyama uses a doubly gauge-invariant formalism to investigate the perturbed junction conditions in 
braneworld cosmology. In his formalism the gauge transformations on the submanifold, or brane, are allowed to differ 
from the gauge transformations in the bulk spacetime. This additional freedom is not required for most applications 
and makes the formalism difficult to use. If we limit the gauge transformations in the bulk and on the brane to be 
identical, the doubly gauge-invariant formalism and our approach give the same results. 

Although the examples given in this paper are concerned with the definitions of perturbations on the brane in a 
five-dimensional bulk, it has some connections with the question of the hypersurface matching in standard 4D [37j or 
the question of the matching of perturbations across a cosmological bounce j3^- In these cases, one finds a physical 
hypersurface and although this hypersurface is timelike, instead of spacelike as the brane, our approach could be 
certainly useful. 
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